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Abstract
Within the standard electroweak model we point out that the 3×3 matrix of quark
mixing is characterized by three universal (rephasing-invariant) quantities: one of them
for CP violation and the other two for off-diagonal asymmetries. Unitarity of the quark
mixing matrix can in principle be tested through a variety of measurements which are
irrelevant to the existence of CP -violating effects.
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1
In the standard electroweak model, the 3×3 Cabibbo-Kobayashi-Maskawa (CKM) matrix
V provides a natural description of quark mixing and CP violation [1,2]. Unitarity is the only
but powerful constraint, imposed by the model itself, on V . This restriction is commonly
expressed as two sets of orthogonality-plus-normalization conditions:
3∑
k=1
VikV
∗
jk = δij ,
3∑
i=1
VijV
∗
ik = δjk , (1)
where i, j, k = 1, 2, 3, running over the up-type quarks (u, c and t) and the down-type quarks
(d, s and b). In the complex plane the six orthogonality relations given above correspond to
six triangles (see Fig. 1), the so-called unitarity triangles [3]. Confronting these unitarity
requirements with the existing and forthcoming experimental data may serve for a stringent
test of the standard model.
By use of the unitarity conditions in Eq. (1), one can parametrize the CKM matrix in
various ways. Several popular parametrizations [2,4,5], including the “standard” one [6],
are given in terms of three Euler angles and one CP -violating phase. It is interesting to
note the fact that knowledge of only the magnitudes of four independent Vij is sufficient
to determine all phase information and construct the entire matrix V [7]. On the other
hand, four independent angles (inner or outer) of the six unitarity triangles, once they are
measured from the CP asymmetries in weak B-meson decays, can also determine the whole
quark mixing matrix [8,9].
In this note we shall point out that the CKM matrix V is in fact characterized by three
universal (rephasing-invariant) quantities: one of them for CP violation and the other two
for the off-diagonal asymmetries of V . These measurables have interesting relations with
the six unitarity triangles. We briefly comment on some possibilities to test unitarity of
the quark mixing matrix through the accessible measurements at present or in the near
future. We stress the point that the Kobayashi-Maskawa mechanism of CP violation [2] can
experimentally be checked even in the absence of direct observation of CP -violating signals.
It is well known that unitarity of the CKM matrix leads to a universal and rephasing-
invariant measure of CP violation for quark weak interactions [10,11], the so-called Jarlskog
parameter J [10]:
Im
(
VilVjmV
∗
imV
∗
jl
)
= J
3∑
k,n=1
ǫijkǫlmn . (2)
One can show that all the six unitarity triangles have the same area J/2, although their
shapes are quite different (see Fig. 1 for illustration). Here the interesting point is that J2
can be simply expressed in terms of three sides of each triangle:
J2 = 4Pi
3∏
l=1
(Pi − |VjlV
∗
kl|) = 4Qi
3∏
l=1
(Qi − |VljV
∗
lk|) , (3a)
2
where the subscripts i, j and k (=1,2,3) must be co-cyclic for the up- or down-type quarks,
Pi and Qi are given by
Pi =
1
2
3∑
l=1
|VjlV
∗
kl| , Qi =
1
2
3∑
l=1
|VljV
∗
lk| . (3b)
Clearly Pi and Qi correspond to the unitarity triangles [u], [c], [t] and [d], [s], [b] in Fig. 1,
respectively. This result implies that one can in principle obtain the information about
CP violation only from the sides of the unitarity triangles. In this way we are able to
experimentally check unitarity of the quark mixing matrix and the Kobayashi-Maskawa
picture of CP violation, without the help of direct measurements of any CP -violating signal.
The off-diagonal asymmetries of the CKM matrix are another two universal and charac-
teristic quantities for quark mixing. They are denoted by Z1 about the V11 − V22 − V33 axis
[12] and Z2 about the V13 − V22 − V31 axis:
|Vij|
2 − |Vji|
2 = Z1
3∑
k=1
ǫijk , |Vˆij|
2 − |Vˆji|
2 = Z2
3∑
k=1
ǫijk , (4a)
where the matrix Vˆ is obtained from V through the following rotation:
Vˆ = V R , R =


0 0 1
0 1 0
1 0 0

 . (4b)
Certainly the axis Vˆ11 − Vˆ22 − Vˆ33 of Vˆ is equivalent to the axis V13 − V22 − V31 of V . The
above result can be shown easily by use of the normalization conditions of unitarity given in
Eq. (1). Note that the asymmetry parameters Z1,2 are independent of each other, and they
are independent of the CP -violating parameter J . Although a little attention was paid to
Z1 in the literature [12,13], Z2 has been ignored. We shall see later on that Z2 >> Z1, and
both of them play interesting roles in testing unitarity of the quark mixing matrix.
Explicitly One can express J and Z1,2 with any set of parameters suggested in Refs.
[2,4-6]. To illustrate these characteristic measurables in a simple and instructive way, here
we use the Wolfenstein parameters [4]. Note that a self-consistent calculation of Z1,2 can
only be carried out on the basis of the modified Wolfenstein parametrization [12] 2, in which
unitarity is kept up to the accuracy of O(λ6). In terms of λ,A, ρ and η [12,14], we obtain
Z1 ≈ A
2λ6(1− 2ρ) , Z2 ≈ λ
2
(
1− A2λ2
)
, J ≈ A2λ6η . (5)
2In terms of the Wolfenstein parameters, Kobayashi has presented a parametrization of the CKM matrix
with exact unitarity [14]. An incomplete modification of the Wolfenstein parametrization, where the imagi-
nary parts of V21 and V32 are corrected up to the accuracy of O(λ
5), was given by Buras et al for their own
purpose in Ref. [15]. About seven years before, Branco and Lavoura have parametrized the CKM matrix
up to O(λ8) by taking V12 = λ, V23 = Aλ
2 and V13 = Aµλ
3eiφ [16].
3
It is clear that Z2 >> Z1 and Z1 ∼ J . Both Z1 and Z2 are independent of η, a parameter
necessary for signalling CP violation. Considering the values of λ,A, ρ and η extracted from
experiments [17], we find Z2/Z1 ≥ 400, Z1 ∼ 10
−5 − 10−4 and J ∼ 10−5. The possibility of
Z1 ≈ 0, which requires ρ ≈ 0.5, is only allowed on the margin of the current data [12].
We are in a position to give a few comments on the measure of CP violation, the unitarity
triangles and the possibilities to test unitarity of the CKM matrix:
(a) Although all measurables of CP violation are proportional to J in the standard
model, their magnitudes are more sensitively related to the angles of the unitarity triangles
(see, e.g., Refs. [8,9]). This is why different weak processes of quarks may have different
sizes of CP -violating effects. In this sense whether the value of J is maximal or not has less
physical significance than the maximal violation of P (parity) symmetry does.
(b) In general the six unitarity triangles have nine different inner (or outer) angles,
although they have eighteen different sides (see Fig. 1). If Z1 = 0 holds, one can find three
equivalence relations among the six triangles:
[u] ∼= [d] , [c] ∼= [s] , [t] ∼= [b] . (6)
In this case the six unitarity triangles have six different inner (or outer) angles and nine
different sides. As a consequence the CKM matrix can be parametrized by use of three
independent quantities. If we further assume Z2 = Z1 = 0, then two sides of the triangle
[c] or [s] would become equal (i.e., |V31V
∗
11
| = |V33V
∗
13
| etc). Today the possibility of Z2 = 0
has been ruled out absolutely, while that of Z1 = 0 is still in marginal agreement with the
experimental restriction 3.
(c) If Z1 > 0 is really true, then one can find the following hierarchical relation among
the nine matrix elements:
|V33| > |V11| > |V22| >> |V12| > |V21| >> |V23| > |V32| >> |V31| > |V13| . (7)
This interesting result reflects the unitarity of the CKM matrix in an indirect way.
(d) It is instructive to express the nine inner angles of the unitarity triangles in terms of
the Wolfenstein parameters. To lowest order approximation, we obtain the following results
(see Fig. 1):
tan( 6 1) ≈ tan( 6 4) ≈ − tan( 6 3) ≈
η
1− ρ
, (8a)
tan( 6 6) ≈ tan( 6 7) ≈ − tan( 6 9) ≈
η
ρ
, (8b)
3The current data have given |V12| = 0.2205 ± 0.0018 and |V21| = 0.204 ± 0.017 [6], which implies a
dominant possibility of Z1 > 0.
4
and
tan( 6 2) ≈ λ2η , tan( 6 8) ≈ A2λ4η , tan( 6 5) ≈
η
ρ(ρ− 1) + η2
. (8c)
Conventionally one uses α = 6 5, β = 6 1 and γ = 6 7 to denote the three angles of unitarity
triangle [s], which will be overdetermined at B-meson factories. We expect that the approx-
imate relations given in Eq. (7) can be tested in various experiments of CP violation and
B physics in the near future [18].
(e) The magnitude of J is now determinable from the unitarity triangle [t], whose three
sides have all been measured in weak decays of the relevant quarks (or from deep inelastic
neutrino scattering [6]). The off-diagonal asymmetries of V can be directly determined from
the experimental data on V12, V21 and V23, i.e., Z1 = |V12|
2 − |V21|
2 and Z2 = |V12|
2 − |V23|
2.
With the help of precise information about B0d− B¯
0
d mixing, one is able to determine |V33V
∗
31
|
and then to establish the unitarity triangle [s]. A comparison between the areas of [t] and [s]
may serve to confirm the unitarity conditions of the CKM matrix. Similarly the forthcoming
measurement of B0s − B¯
0
s mixing will determine |V32V
∗
33
| and construct the triangle [d]. It
might be a long run to directly measure |V31| and |V32| from the production or decay processes
of the top quark.
(f) The normalization relations of unitarity (see Eq. (1)) can be well checked after more
precise determination of |V13| from charmless B-meson decays and measurements of |V33|
from the top-quark lifetime. To test unitarity of the CKM matrix up to O(λ6), of course,
much effort is needed to make in order to improve the accuracy of the six elements in the
first two rows of V . In practice observation of CP violation in B-meson decays will provide
a good chance to judge the Kobayashi-Maskawa mechanism of CP violation as well as the
six orthogonality conditions of unitarity. Discussions about violation of unitarity of the 3×3
CKM matrix, e.g., in the presence of the fourth-family quarks or an exotic charge −1/3
quark, would be beyond the scope of this note [19].
In summary, we have pointed out that the 3×3 matrix of quark mixing is characterized by
three universal observables: the measure of CP violation J and the off-diagonal asymmetries
Z1,2. These three parameters have interesting relations with the six unitarity triangles. The
Kobayashi-Maskawa picture of CP violation can in principle be examined through a variety
of measurements irrelevant to the existence of CP -violating effects. A complete test of
unitarity of the CKM matrix (to a good degree of accuracy) is accessible in the near future.
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▲
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VcdV
∗
td
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∗
ts
1 2
3
[u]
VcsV
∗
cb
❳❳❳❳❳❳❳❳❳❳❳❳VtsV
∗
tb
❊
❊
❊
VusV
∗
ub
2 9
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[d]
VtdV
∗
ud
❇
❇
❇
❇
VtsV
∗
us
✟✟✟✟✟✟✟✟ VtbV
∗
ub
4 5
6
[c]
VubV
∗
ud
❍❍❍❍❍❍❍VtbV
∗
td
✂
✂
✂
✂
VcbV
∗
cd
5 7
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VudV
∗
cd
❈
❈❈
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∗
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✭✭✭✭✭✭✭✭✭✭✭✭✭✭✭ VusV
∗
cs
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[t]
VcdV
∗
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❤❤❤❤❤❤❤❤❤❤❤❤❤❤VudV
∗
us
❉
❉❉
VtdV
∗
ts
8 3
4
[b]
Figure 1: The unitarity triangles of the CKM matrix in the complex plane. Each triangle
is named in terms of the quark flavor that does not manifest in its three sides. Note that
the six triangles have the same area, and they only have nine different inner angles (versus
eighteen different sides).
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